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Approximation algorithms for free-label maximization

Mark de Berg*

Abstract

Inspired by applications where moving objects have
to be labeled, we consider the following (static) point
labeling problem: given a set P of n points in the
plane and labels that are unit squares, place a label
with each point in P in such a way that the number of
free labels (labels not intersecting any other label) is
maximized. We develop efficient constant-factor ap-
proximation algorithms for this problem, as well as
PTASES, for various label-placement models.

1 Introduction

Map labeling involves associating textual labels with
certain features on a map such as cities (points), roads
(polylines), and lakes (polygons). Manually perform-
ing this task is estimated to take cartographers 50%
of the total time in creating a map [11]. It is therefore
unsurprising that map labeling was listed as an impor-
tant research area in the ACM Computational Geom-
etry Impact Task Force report [4], and has generated
a lot of algorithmic research, especially for point fea-
tures. See for instance the on-line Map Labeling Bib-
liography [15], currently containing 371 references.

Label models. A good labeling for a point set has
legible labels, and an unambiguous association be-
tween the labels and the points. The latter puts re-
strictions on the shape of labels and the way they can
be placed in relation to points. Various such label
models have been proposed, most often with labels
assumed to be axis-aligned rectangles slightly larger
than the text they contain.

In the fized-position models, every point has a finite
number of label candidates (often 4 or 8), each being a
rectangle having the point on its boundary. In partic-
ular, in the 1-position (1P) model one designated cor-
ner of the label must coincide with the point, in the 2-
position (2PH, 2PV) models there is a choice between
two adjacent corners, and the 4-position (4P) model
allows any corner of the label to coincide with the
point (see the upper-left 2x2 block in Figure 1). The
slider models, introduced by Van Kreveld et al. [14]
generalize this. In the 1l-slider (1SH, 1SV) models
one side of the label is designated, but the label may
contain the point anywhere on this side. In the 2-
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slider (2SH, 2SV) models there is a choice between
two opposite sides of the label, and in the 4-slider (4S)
model the label can have the point anywhere on its
boundary (see the fourth row and column in Figure 1).
Erlebach et al. [5] introduced terminology analogous
to the slider models for fixed-position models with a
non-constant number of positions (1IMH, 1MV, 2MH,
2MV, 4M; see the third row and column in Figure 1).

V)

T k 00

y

—_

,_
D’-UH
o |

2PH 1IMH, kPH 1SH

DRI ST

optimal 1/4-approx. | 1/4-approx. | 1/4-approx.
2PV 4P 2MH 2SH

‘ ‘ PR

28

PRN S

1/4-approx. |1/16-approx. | 1/16-
1MV, kEPV 2MV

.| 1/12-approx.

(11
I
H

1/4-approx. |1/16-approx.
1SV 25V

4 4 4

A A A\

1/4-approx. | 1/12-approx.

Figure 1: The fixed-position and slider models, and
our approximation results for them for the free-label-
maximization problem (assuming unit-square labels).
The z-axis (y-axis) indicates the number of allowed
horizontal (vertical) positions for a label.

Static labeling. Intersecting labels and small font
sizes hinder legibility. The size-maximization problem
asks to label all points with pairwise non-intersecting
labels of maximum size. For a given placement of the
labels it is a fairly simple geometric task to find the
optimal scale factor, so the problem can be solved op-
timally for the 1P model. For two or more label candi-
dates the problem is APX-hard, even for unit-square
labels [6]. Constant-factor approximation algorithms
exist for various label models [6,9].

The more widely studied number-mazimization
problem asks to label a maximum-cardinality sub-
set of the n points with pairwise non-intersecting la-
bels of given dimensions. Even if all labels are unit
squares, this problem is known to be strongly NP-
hard for the 1P [7], 4P [6,10], and 4S models [14].
A generalization of this problem concerns weighted
points [12] and asks for a maximum-weight subset
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of the points to be labeled so that, for example, a
big city will more likely get a label than a small
town. For unit-height rectangular labels this prob-
lem admits a polynomial-time approximation scheme
(PTAS) for static points in all fixed-position and slider
models, both in the weighted [5, 12] and the un-
weighted case [1,14]. For arbitrary rectangles in the
unweighted case an O(1/loglogn)-approximation al-
gorithm is known for the fixed-position models [3],
but the slider models, the weighted case, and the
(non-)existence of a PTAS remain open problems.

Labeling of moving points. Mobile devices with in-
teractive displays and GPS have vastly increased both
the availability of motion data and our ability to view
them. An important aspect of displaying such data is
the association of textual labels with points of inter-
est. Yet, despite the large body of work on labeling
static points, virtually no results have been published
on labeling moving points. Been et al. [2] studied the
unweighted number-maximization problem for static
points under continuous zooming in and out by the
viewer, which can be seen as points moving on a very
specific kind of trajectories. Rostamabadi and Ghod-
si [13] studied how to quickly flip and scale the labels
of static points to avoid one moving point.

There is not only a lack of results on label-
ing moving points, but in fact the size- and
number-maximization problems are ill-suited to mov-
ing points. Continuously scaling labels under size
maximization would be hard to read, and the
(dis)appearance of a label under number maximiza-
tion can be disturbing for the viewer. We instead
propose the free-label-maximization problem, where
the labels have given dimensions (as in the number-
maximization problem), but all points need to be la-
beled (as in the size-maximization problem). Instead
of disallowing intersections, we want to maximize the
number of labels which are not intersected, and call
such labels free. Ideally, an algorithm for free-label
maximization on moving points would move the la-
bels continuously in such a way that the number of
free labels is close to the static optimum at all times.

Our results. As a first step towards this goal we
have studied the free-label-maximization problem for
static points. For unit-square labels we have devel-
oped a simple O(nlogn)-time, O(n)-space constant-
factor approximation algorithm, as well as a PTAS.
This makes free-label maximization easier than size
maximization, as the latter is APX-hard even for
unit-square labels. In contrast, techniques used for
(approximate) number maximization for unit-square
labels easily extend to unit-height labels of different
widths, which seems not to be the case for free-label
maximization. Thus the complexity of free-label max-
imization seems to fall in between that of the size- and
number-maximization problems.

We present our constant-factor approximation al-
gorithm in the next section, leaving our PTAS to the
full version of this paper. The algorithm’s approxima-
tion guarantees for the various label models are listed
in Figure 1. We prove them for the 2PH, 4P, 1SH,
2SH, and 4S label models, the other models being
analogous. We assume that no two points have the
same x- or y-coordinate, and that labels are open sets
(their boundaries may intersect). Neither assumption
is essential, but they make our exposition simpler.

2 Constant-factor approximations for unit squares

Consider the algorithm GREEDYSWEEP, which works
as follows. Going through the points from left to right,
we label them one-by-one. We call a label candidate ¢
for a point being processed freeable if none of the pre-
viously placed labels intersect ¢, and every point still
to be labeled has at least one label candidate that does
not intersect £ or any previously placed freeable label.
We always choose a freeable label candidate if possi-
ble, and then also call the resulting label freeable. If
a point has no freeable label candidate we pick a non-
freeable label candidate that does not intersect any
previously placed freeable label (which is always pos-
sible by the definition of freeable). In case of ties, we
pick the label candidate farthest to the left. (Further
ties between equally leftmost label candidates can be
broken arbitrarily.)

Lemma 1 For the free-label-maximization problem
with unit-square labels, algorithm GREEDYSWEEP
gives a 1/4-approximation for the 2PH and 1SH mod-
els and this ratio is tight.

Proof. Let OPT be some optimal solution, and let
ALG be the solution computed by GREEDYSWEEP.
Now suppose a point p is labeled with a free label
€9 in OPT, but that the label candidate £5"" was
not freeable when p was being processed by GREEDY-
SwWEEP. Call a label candidate for a point rightmost
if it is farthest to the right of all label candidates for
that point, and define leftmost analogously. Since p
and all points that already have a label lie to the left
of every unprocessed point p’, their labels cannot in-
tersect the rightmost label candidate for p’ without
intersecting all other label candidates for p’ as well.
Thus all unprocessed points can be labeled with their
rightmost label candidate without intersecting ESPT.
Hence, éz(,)PT not being freeable must be caused by a
label é;}m (either freeable or not) that was placed ear-
lier. We note that fﬁ,LG cannot be leftmost. (If the
leftmost label candidate for a point p’ left of p inter-
sects ESPT, then all other label candidates for p’ do
as well, contradicting that égPT is free in OpPT.) That
EQ,LG is not leftmost can mean two things. Either Z;}LG

is freeable, in which case we charge ESPT to éﬁ,“;, or
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Figure 2: A labeling computed by GREEDYSWEEP for
the 2PH model, where the k + 1 labels marked E;}EG
are free. In the optimal solution the 4k labels marked
ESPT are free. Thus the 1/4-approximation is tight
for the 2PH model, and the same can be shown for
the 1SH model by moving the points closer together
horizontally.

making éﬁ,"c leftmost will cause it to intersect some
freeable label (ﬁ#G, in which case we charge fSPT to
62,90. With a careful case analysis one can argue that
at most four free labels of OPT get charged to a sin-
gle freeable label of ALG by the above scheme. Fig. 2
shows that resulting approximation ratio is tight.
We still need to consider the case where a point p
has a free label 619” in OPT that is also a freeable la-
bel candidate when p is being processed by GREEDY-
SWEEP. Then E;}LG must be a freeable label, and we
charge ZSPT to ESLG. The label EﬁLG can at most be
as far to the right as ESPT, otherwise GREEDYSWEEP

OpT
gl’

would have picked over ﬁﬁLG. One can argue that

this implies 61"}“3 will only be charged once. (]

Already for the 4P model, GREEDYSWEEP can be
as bad as an O(1/y/n)-approximation. We instead
take the best solution over running GREEDYSWEEP
several times with different sweep directions. For the
4P model we do one left-to-right sweep (as before)
and one right-to-left sweep (preferring rightmost label
candidates). For the 2SH model we do one top-to-
bottom sweep (preferring topmost label candidates)
and one bottom-to-top sweep (preferring bottommost
label candidates). For the 4S model we sweep in all
four of these directions. This yields the following:

Theorem 2 There are O(nlogn)-time and O(n)-
space algorithms for free-label maximization on n
points with unit-square labels, having the following
approximation ratios: 1/4 (tight) for the 2PH and
1SH models, 1/12 for the 2SH model, 1/16 for the 4P
model, and 1/24 for the 4S model.

Proof. We will prove the approximation ratio for the
4P model; the proofs for the 2SH and 4S models are
similar, and the ratio for the 2PH and 1SH models was
proved in Lemma 1. Let OPT be an optimal solution
for the 4P model, and consider the solution ALG com-
puted in the left-to-right sweep. We can assume that

at least half of the labels in OPT are placed in one
of the two rightmost positions. (If not, at least half
must be placed in one of the two leftmost positions
and we can instead consider the right-to-left sweep in
a completely symmetric way.) We will argue that the
rightmost free labels in OPT can be charged to free la-
bels of ALG so that no label receives more than eight
charges, yielding the stated 1/16-approximation.

Suppose p is a point with a rightmost free label
KSPT in OPT, but with a non-free label ZZ‘?"G in ALG.
At the time p was being processed, the label candi-
date E;)PT must not have been freeable, either because
some unprocessed point would inevitably get a label
intersecting Egp T, or because some processed point al-
ready had a label intersecting Egp T. We consider these
two cases separately.

(1) Suppose every label candidate of some unpro-
cessed point p’ intersects either (O or some previ-
ously placed freeable label. (This cannot occur in the
2PH and 1SH models.) Of the rightmost label can-
didates for p’ one must be topmost, say E;\,, and one
must be bottommost, say Z;)//. Since p and all points
that already have a label lie to the left of p’, if EI?PT or
a freeable label intersects a rightmost label candidate
for p/, then it also intersects the label candidate(s)
for p’ with the same y-coordinate but lying more to
the left. So if all rightmost label candidates for p’
are intersected by previously placed freeable labels,
then all label candidates for p’ are intersected by pre-
viously placed freeable labels, meaning that at least
one of them was in fact not freeable. Thus KZ?P"‘ must
intersect some rightmost label candidate of p’. This
implies that /0" does not intersect the horizontal line
through p/, for otherwise /""" would contain p’. Thus
£9PT intersects either ¢7, or £), but not both, so there
must be a freeable label E;?,%G in ALG which intersects
€Y, if £97" intersects £, or vice versa. Charge (0"
to Eﬁ,'fc. One can argue that any freeable label can be
charged at most twice this way (see Figure 3(b)).

(2) Suppose some already processed point p’ has
a label Z;?,“G (either freeable or not) that intersects
Egp T. Because Eg*’ T is rightmost, 8;}“3 cannot be left-
most. So either Kﬁ,m’ is freeable, and we charge 62”
to Z;}LG, or making Z;}LG leftmost will cause it to in-

tersect some freeable label éﬁﬁc, and we charge E;))PT
to A%, One can argue that any freeable label can be

P
charged at most six times this way for the 4P model

(see Figure 3(a)).

Combining the charges of these two cases yields at
most eight charges per free label for the 4P model,
and we argued that at least one half the free labels
in OPT could be charged, yielding the claimed 1/16-
approximation. We have not yet charged free labels
in OPT which label points that also have a free label
in ALG. One can argue that charging such labels does
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Figure 3: (b) If every ngT charged to E;*,%G is inter-
ALG

sected by labels placed later, £,);¢ is charged at most

twice. If every ESP"' charged to ES,';G

labels placed earlier, fﬁ#G is charged (a) at most six

times for the 4P model, and (c) at most four times for
the 25H and 4S models.

is intersected by

not cost us extra charges, as one of the charges to Eﬁ#c

in Figure 3(b) must disappear if 61(,),5’ T

The proofs for the 2SH and 4S models are similar,
but each free label can get at most six charges (see
Figure 3(b)—(c)). In the 2SH model every free label
in OPT is either topmost or bottommost so that we
can again charge at least half of them, but in the 4S
model a label can also be leftmost or rightmost so that
we can charge only one fourth.

With some clever use of standard data structures,
similar to the 1/2-approximation algorithm for num-
ber maximization by Van Kreveld et al. [14], GREEDY-
SWEEP can be implemented to run in O(nlogn) time
and O(n) space. We omit the details. (]

is free.

3 Conclusion

We have presented a simple and efficient constant-
factor approximation algorithm for a new variant of
the labeling problem motivated by the wish to la-
bel moving points. Our algorithm works for the
case where all labels are unit squares (or, equiva-
lently, if all labels are rectangles of the same dimen-
sions). For this case we also developed a PTAS us-
ing a variation on the “shifting technique” due to
Hochbaum and Maass [8]. Details can be found in
the full version of this paper. The cases of labels
being unit-height rectangles or arbitrary rectangles
are still open. For the number-maximization prob-
lem these cases allow, respectively, a PTAS and an
O(1/loglog n)-approximation, and it would be inter-
esting to see if these results can be matched. If not,
the free-label-maximization problem is strictly harder
than the number-maximization problem, while easier
than the size-maximization problem. The weighted
version of the free-label-maximization problem is an-
other interesting direction for future research.
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